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Abstract
Recently, we have studied evolution of a family of Finsler metrics
along Finsler Ricci flow and proved its convergence in short time.
Here, existence of solutions to the so called Hamilton Ricci flow on
Finsler spaces is studied and a short time solution is found. To this
end the Finslerian Ricci-DeTurck flow on Finsler spaces is defined and
existence of its solution in short time is proved. Next, this solution is
pulled back to determine a short time solution to the Hamilton Ricci
flow on underlying Finsler space.
Keywords: Hamilton Ricci flow, Ricci-DeTurck flow, parabolic differential equation,
sphere bundle.
AMS subject classification: 53C60, 53C44
1 Introduction
The major aim for many geometric flows is to produce canonical geometric
structures by deforming rather general initial data to these structures. The
Ricci flow theory and its various applications became one of the most in-
tensively developing branch of modern mathematics [10, 12, 17]. The most
fabulous achievement of this theory was the proof of Thurston’s geometriza-
tion conjecture by G. Perelman [18, 19]. The subject of Hamilton’s Ricci
flow introduced in 1982 lies in the field of geometric flows which has many
applications in physics and real world problems. Hamilton introduced the
Ricci flow by the differential equation
∂
∂t
gij(x, t) = −2Ricij , g(t=0) = g0, ∀x ∈M, (1.1)
∗The corresponding author, bidabad@aut.ac.ir
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in order to study compact three-manifolds with positive Ricci curvature.
The Ricci flow, which evolves a Riemannian metric by its Ricci curvature,
is a natural analogue of the heat equation for metrics. Ricci flow confor-
mally deforms the Riemannian metric to its induced curvature, such that
the curvature tensors evolve by a system of diffusion equations which leads
to distribute the curvature uniformly over the manifold. Hence, one expects
that the initial metric should be improved and evolved into a canonical met-
ric, in order to obtain some information on the topology of the underlying
manifold. In his celebrated paper, Hamilton proved that there is a unique
solution to the Ricci flow for an arbitrary smooth Riemannian metric on a
closed manifold over a sufficiently short time [14]. He also showed that on
a compact three-manifold with an initial metric having positive Ricci cur-
vature, the Ricci flow converges, after re-scaling to keep constant volume,
to a metric of positive constant sectional curvature, proving the manifold is
diffeomorphic to the three-sphere S3 or a quotient of the three-sphere S3 by
a linear group of isometries.
In Finsler geometry the problem of constructing the Finslerian Ricci flow con-
tains a number of new conceptual and fundamental issues on compatibility of
geometrical and physical objects and their optimal configurations. In order
to define the concept of Ricci tensor in Finsler geometry, Akbar-Zadeh in his
celebrated work has used Einstein-Hilbert’s functional in general relativity
and introduced definition of Einstein-Finsler spaces as critical points of this
functional, similar to the Hamilton’s work, in Riemannian geometry, see [14].
This definition of Ricci tensor turned to be one of the most productive defi-
nition in Finsler geometry. In [2], D. Bao based on the Akbar-Zadeh’s Ricci
tensor and in analogy with the Ricci flow in Riemannian case, has considered
the following equation as Ricci flow in Finsler geometry
∂
∂t
logF = −Ric, F(t=0) = F0,
where, F0 is the initial Finsler structure. This equation is equivalent to
∂
∂t
gij(x, y, t) = −2Ricij , g(t=0) = g0, (x, y) ∈ TM,
which is analogous to the Riemannian Ricci flow (1.1) and addresses the
evolution of the Finsler structure F . This definition of Ricci flow seems to
make sense, as an un-normalized Ricci flow for Finsler spaces on both the
manifolds of nonzero tangent vectors TM0 and the sphere bundle SM , which
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is also used in [16] to study Harnack estimates for heat equation.
Recently, we have studied Finsler Ricci solitons as a self similar solutions
to the Finsler Ricci flow and it was shown if there is a Ricci soliton on a
compact Finsler manifold then there exists a solution to the Finsler Ricci
flow equation and vice-versa, see [6]. Next, as a first step to answer Chern’s
question stating that weather there exists a Finsler-Einstein metric on every
smooth manifold, we have considered evolution of a family of Finsler metrics,
first under a general flow next under Finsler Ricci flow and prove that a family
of Finsler metrics g(t) which are solutions to the Finsler Ricci flow converge
to a smooth limit Finsler metric as t approaches the finite time T , see [7].
Moreover, a Bonnet-Myers type theorem was studied and it is proved that on
a Finsler space, a forward complete shrinking Ricci soliton is compact if and
only if the corresponding vector field is bounded, using which we have shown
a compact shrinking Finsler Ricci soliton has finite fundamental group and
hence the first de Rham cohomology group vanishes, see [8].
In the present work, a new fundamental step is taken in the study of
any system of evolutionary partial differential equations which shows short-
time existence of Hamilton Ricci flow on Finsler spaces. More intuitively, as
the Ricci flow quasi-linear differential equation is not parabolic, one cannot
apply the standard theory to conclude existence and uniqueness of a short
time solution. Following the procedure described by D. DeTurck in Rie-
mannian space [13], the Finslerian Ricci flow is modified and a PDE which
has a short-time solution is obtained. Next, a solution to the original Ricci
flow equation is found by pulling back solution of the modified flow using
appropriate diffeomorphisms.
2 Preliminaries and notations
2.1 Finsler space and Cartan connection
Let M be a real n-dimensional manifold of class C∞. We denote by TM the
tangent bundle of tangent vectors, by π : TM0 −→M the fiber bundle of non-
zero tangent vectors and by π∗TM −→ TM0 the pulled-back tangent bundle.
Let (x, U) be a local chart onM and (xi, yi) be the induced local coordinates
on π−1(U). A Finsler structure on M is a function F : TM −→ [0,∞), with
the following properties:(i) F is differentiable C∞ on TM0; (ii) F is positively
3
homogeneous of degree one in y, that is, F (x, λy) = λF (x, y), for all λ > 0;
(iii) The Finsler metric tensor g defined by the Hessian matrix of F 2, (gij) =
(1
2
[ ∂
2
∂yi∂yj
F 2]), is positive definite on TM0. A Finsler manifold is a pair (M,F )
consisting of a differentiable manifold M and a Finsler structure F on M .
Here and everywhere in this paper all the Latin indices i, j, ..., a, b, ..., p, q, ...
run over the range 1, ..., n. Any point of TM0 is denoted by z = (x, y), where
x = πz ∈ M and y ∈ TpizM . We denote by TTM0, the tangent bundle of
TM0 and by ̺, the canonical linear mapping ̺ : TTM0 −→ π
∗TM, where,
̺ = π∗. For all z ∈ TM0, let VzTM be the set of vertical vectors at z, that
is, the set of vectors which are tangent to the fiber through z. Equivalently,
VzTM = ker π∗ where π∗ : TTM0 −→ TM is the linear tangent mapping.
Let ∇ be a linear connection on the vector bundle π∗TM −→ TM0. Consider
the linear mapping µ : TTM0 −→ π
∗TM, by µ(Xˆ) = ∇Xˆy where, Xˆ ∈
TTM0 and y is the canonical section of π
∗TM . The connection∇ is said to be
regular, if µ defines an isomorphism between V TM0 and π
∗TM . In this case,
there is the horizontal distributionHTM such that we have the Whitney sum
TTM0 = HTM ⊕ V TM. This decomposition permits to write a vector field
Xˆ ∈ χ(TM0) into the horizontal and vertical form Xˆ = HXˆ +V Xˆ uniquely.
In the sequel, we denote all vector fields on TM0 by Xˆ, Yˆ , etcetera and
the corresponding sections of π∗TM by X = ̺(Xˆ), Y = ̺(Yˆ ), respectively,
unless otherwise specified. The structural equations of the regular connection
∇ are given by:
τ(Xˆ, Yˆ ) = ∇XˆY −∇YˆX − ̺[Xˆ, Yˆ ],
Ω(Xˆ, Yˆ )Z = ∇Xˆ∇YˆZ −∇Yˆ∇XˆZ −∇[Xˆ,Yˆ ]Z,
where, X = ̺(Xˆ), Y = ̺(Yˆ ), Z = ̺(Zˆ) and Xˆ , Yˆ and Yˆ are vector fields
on TM0. The torsion tensor τ and curvature tensor Ω of ∇ determine two
torsion tensors denoted here by S and T and three curvature tensors denoted
by R, P and Q defined by:
S(X, Y ) = τ(HXˆ,HYˆ ), T (X˙, Y ) = τ(V Xˆ,HYˆ ),
R(X, Y ) = Ω(HXˆ,HYˆ ), P (X, Y˙ ) = Ω(HXˆ, V Yˆ ),
Q(X˙, Y˙ ) = Ω(V Xˆ, V Yˆ ),
where, X = ̺(Xˆ), Y = ̺(Yˆ ), X˙ = µ(Xˆ) and Y˙ = µ(Yˆ ). The tensors R, P
and Q are called hh−, hv− and vv−curvature tensors, respectively. There
is a unique regular connection associated with F called Cartan connection
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such that:
∇Zˆg = 0,
S(X, Y ) = 0,
g(τ(V Xˆ, Yˆ ), Z) = g(τ(V Xˆ, Zˆ), Y ), (2.1)
where, X = ̺(Xˆ), Y = ̺(Yˆ ) and Z = ̺(Zˆ), for all Xˆ , Yˆ , Zˆ ∈ TTM0, see
[1]. Given an induced natural coordinates on π−1(U), we denote by Gi the
components of spray vector field on TM , where Gi = 1
4
gih( ∂
2F 2
∂yh∂xj
yj − ∂F
2
∂xh
),
and the formal Christoffel symbols by γijk =
1
2
gih(∂jghk+∂kgjh−∂hgjk). The
horizontal and vertical subspaces have the corresponding bases { δ
δxi
, ∂
∂yi
},
which are related to the typical bases of TM { ∂
∂xi
, ∂
∂yi
}, by δ
δxi
:= ∂
∂xi
−
Gji
∂
∂yj
. The dual bases of the former basis are denoted by {dxi, δyi}, where
δyi := dyi +Gijdx
j. The 1-form of Cartan connection in these bases is given
by ωij = Γ
i
jkdx
k + C ijkδy
k, where Γijk =
1
2
gih(δjghk + δkgjh − δhgjk), C
i
jk =
1
2
gih∂˙hgjk, δk =
δ
δxk
and ∂˙k =
∂
∂yk
. By homogeneity, we have ykΓijk = N
i
j ,
where N ij =
1
2
∂Gi
∂yj
and yjN ij = 2G
i, see [3]. The horizontal and vertical metric
compatibility of Cartan connection in local coordinates is given by ∇lgjk = 0
and ∇˙lgjk = 0 respectively. In local coordinates, coefficients of the Cartan
connection ∇ are given by
∇k∂˙j = Γ
i
jk∂˙i, ∇˙k∂˙j = C
i
jk∂˙i, ∇kδj = Γ
i
jkδi, ∇˙kδj = C
i
jkδk.
The components of Cartan horizontal and vertical covariant derivatives of a
Finslerian (1, 2) tensor field S on π∗TM with the components (Sijk(x, y)) on
TM are given by
∇lS
i
jk := δlS
i
jk − S
i
skΓ
s
jl − S
i
jsΓ
s
kl + S
s
jkΓ
i
sl, (2.2)
∇˙lS
i
jk := ∂˙lS
i
jk − S
i
skC
s
jl − S
i
jsC
s
kl + S
s
jkC
i
sl, (2.3)
respectively, where, ∇l := ∇ δ
δxl
and ∇˙l := ∇ ∂
∂yl
. We denote the components
of Cartan hh-curvature tensor by
Rijkm = δkΓ
i
jm − δmΓ
i
jk + Γ
i
skΓ
s
jm − Γ
i
smΓ
s
jk +R
s
kmC
i
sj, (2.4)
where, Rskm is equal to y
pRspkm.
Here, we consider also the reduced curvature tensor Rik which is expressed
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entirely in terms of x and y derivatives of spray coefficients Gi as follows, see
[3]
Rik :=
1
F 2
(2
∂Gi
∂xk
−
∂2Gi
∂xj∂yk
yj + 2Gj
∂2Gi
∂yj∂yk
−
Gi
∂yj
Gj
∂yk
). (2.5)
Let c : I −→ M be an oriented C∞ parametric curve on (M,F ) with the
parametric equation xi(t). Let (x(t), x˙(t)) be the line element along the curve
c andX a C∞ vector fieldX = X i(t) ∂
∂xi
|c(t) along c(t). We denote the Cartan
covariant derivative of X in direction of c˙ = dx
j
dt
∂
∂xj
by ∇c˙X =
δXi
dt
∂
∂xi
|c(t),
see [5], where
δX i
dt
=
dX i
dt
+ (Γikh + C
i
ksN
s
h)X
k dx
h
dt
. (2.6)
By means of metric-compatibility we have,
d
dt
g(X, Y ) = g(∇c˙X, Y ) + g(X,∇c˙Y ).
2.2 On the pull back bundle p∗TM over SM
Consider the sphere bundle SM := TM/ ∼, where y ∼ y′ if and only if
y = λy′ for some λ > 0. Given any (x, y) ∈ TM , we shall denote its equiva-
lence class which is a point in SM by (x, [y]) ∈ SM . The natural projection
p : SM −→ M pulls back the tangent bundle TM to a n-dimensional vector
bundle p∗TM over the 2n−1 dimensional base SM . Namely, over each point
(x, [y]) we erect a single copy of TxM and endow it with the inner product
gij(x, y)dx
i⊗dxj . The resulting vector bundle p∗TM has the fiber dimension
n as in π∗TM , but now it sits over the 2n − 1 dimensional sphere bundle
SM rather than TM . Local coordinates x1, ..., xn on M induces global coor-
dinates y1, ..., yn on each fiber TxM , through the expansion y = y
i ∂
∂xi
. Thus
(xi; yi) is a coordinate system on SM with the yi regarded as homogeneous
coordinates in the projective space sense. Given local coordinates (xi) on
M , we shall economize on notation and regard the corresponding collections
{ ∂
∂xi
}, {dxi} as local bases for p∗TM and its dual p∗T ∗M , respectively. There
is an inner product g on p∗TM by specification
g := gij(x, y)dx
i ⊗ dxj,
on the fiber over the point (x, [y]) ∈ SM , where y ∈ TxM . One can verify
that g is well defined and
gij(x, y)y
iyj = F 2(x, y).
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Let {ea = u
i
a
∂
∂xi
} be a local orthonormal frame for p∗TM and {ωa = vai dx
i}
be its co-frame; thus ωa(eb) = δ
a
b . It is clear that en := l, where l is the
distinguished global section whose value at any (x, [y]) ∈ SM and ωn =
∂F
∂yi
dxi. Also we have ∂
∂xi
= vai ea and dx
i = uiaω
a. A basic relation between
(uia) and (v
a
i ) is given by v
a
i u
i
b = δ
a
b and u
i
av
a
j = δ
i
j . For convenience, we shall
also regard the ea’s and ω
a’s as local vector fields and 1-forms, respectively
on SM . All p∗TM related indices are raised and lowered with the metric g,
see [4]. Let
eˆa = u
i
a
δ
δxi
, eˆn+a = u
i
aF
∂
∂yi
.
ωa = vai dx
i, ωn+a = vai
δyi
F
.
It can be shown that {eˆa, eˆn+α} is a local basis for the tangent bundle TSM
and {ωa, ωn+α} is a local basis for the cotangent bundle T ∗SM , where the
Latin indices run over the range 1, ..., n and the Greek indices run from 1
to n − 1. Tangent vectors on SM which are annihilated by all {ωn+α}’s
form the horizontal sub-bundle HSM of TSM . The fibers of HSM are n-
dimensional. On the other hand, let V SM := ∪x∈MT (SxM) be the vertical
sub-bundle of TSM ; its fibers are n − 1 dimensional. The decomposition
TSM = HSM⊕V SM holds because HSM and V SM are direct summands.
The inner product on p∗TM induces a Riemannian structure gˆ on SM
gˆ := δabω
a ⊗ ωb + δαβω
n+α ⊗ ωn+β = gijdx
i ⊗ dxj + δαβω
n+α ⊗ ωn+β.
In particular, HSM and V SM are orthogonal with respect to gˆ.
3 Quasilinear strictly parabolic equations on
SM
A system of partial differential equations is called quasilinear if the deriva-
tives of principal order term occur only linearly (with coefficients which may
depend on derivatives of lower order), see [20]. Let u : M −→ R be a smooth
function onM . A quasilinear strictly parabolic equation is a PDE of the form
∂u
∂t
= aij(x, t)
∂2u
∂xi∂xj
+ h(x, t, u,
∂u
∂xi
),
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where, aij and h are smooth functions on M and for some constant λ > 0 we
have the parabolicity assumption
aij(x, t)ξiξj ≥ λ ‖ ξ ‖
2, 0 6= ξ ∈ χ(M),
that is, all eigenvalues of A = (aij) have positive sign or equivalently (aij)
is positive definite. Let ρ : SM −→ R be a smooth function on the sphere
bundle SM . We consider the quasilinear strictly parabolic equation on SM
∂ρ
∂t
= GAB(x, y, t)eˆ
A
eˆ
B
ρ+ h(x, y, t, ρ, eˆ
A
ρ), (3.1)
where eˆ
A
is a local basis for the tangent bundle TSM and stand here as partial
derivative on SM . The capital indices A,B run over the range {1, 2, ..., 2n−
1} and GAB is positive definite. Here, GAB and h are smooth functions on
SM . More preciesly, a quasilinear strictly parabolic equation on SM can be
defined in the following form
∂ρ
∂t
= P abeˆaeˆbρ+Q
αβ eˆn+αeˆn+βρ+ C
aαeˆaeˆn+β + lower order terms, (3.2)
where the Latin indices a, b, ... and Greek indices α, β, ... run over the range
1, ..., n and 1, ..., (n− 1), respectively and the matrix
GAB =
(
P ab 1
2
Caα
1
2
Cαa Qαβ
)
(2n−1)×(2n−1)
,
is positive definite.
Lemma 3.1. Let ρ : TM −→ R be a zero-homogeneouse smooth function on
the tangent bundle TM . The quasilinear differential equation
∂ρ
∂t
= gij
δ2ρ
δxiδxj
+ F 2gij
∂2ρ
∂yi∂yj
+ lower order terms, (3.3)
is a quasilinear strictly parabolic equation on SM .
4 The harmonic map Laplacian on the Tan-
gent Bundle
Let ϕ : (M, g) −→ (N, h) be a diffeomorphism between two n-dimensional
Finsler manifolds (M,F ) and (N, F¯ ) with the corresponding metric tensors
8
g and h called domain and codomain metric, respectively. Denote image of
the linear tangent application dϕ(TxM) by Tx¯N , where ϕ(x) = x¯. Let c
be a geodesic on (M,F ) and c¯(t) := ϕ ◦ c(t) its image by ϕ. Consider a
local coordinate system {xp} onM , a local coordinate system {x¯i} on N and
y¯ = ˙¯c(0) = dϕ(y), where y = c˙(0). Then (2.6) leads to
∇¯ ˙¯c ˙¯c(0) = {
d2c¯i
dt2
(0) + (Γ¯ikh + C¯
i
ksN¯
s
h)
dc¯k
dt
(0)
dx¯h
dt
}
∂
∂x¯i
|x¯ (4.1)
= {
d2c¯i
dt2
(0) + (Γ¯ikh + C¯
i
ksN¯
s
h)y¯
ky¯h}
∂
∂x¯i
|x¯
= {
∂2ϕi
∂xp∂xq
(x)ypyq +
∂ϕi
∂xp
(x)
d2cp
dt2
+ (Γ¯ikh + C¯
i
ksN¯
s
h)y¯
ky¯h}
∂
∂x¯i
|x¯
= {
∂2ϕi
∂xp∂xq
(x)ypyq −
∂ϕi
∂xp
(x)Gp(y) + (Γ¯ikh + C¯
i
ksN¯
s
h)y¯
ky¯h}
∂
∂x¯i
|x¯ .
On the other hand, y¯i = ∂ϕ
i
∂xp
yp, thus (4.1) is given by
∇¯ ˙¯c ˙¯c(0) = {
∂2ϕi
∂xp∂xq
(x)ypyq −
∂ϕi
∂xk
(x)Γkpqy
pyq + Γ¯ikhy¯
ky¯h}
∂
∂x¯i
|x¯
= ypyq{
∂2ϕi
∂xp∂xq
(x)−
∂ϕi
∂xk
(x)Γkpq + Γ¯
i
kh
∂ϕk
∂xp
∂ϕh
∂xq
}
∂
∂x¯i
|x¯ .
Next, let
Aipq = {
∂2ϕi
∂xp∂xq
(x)−
∂ϕi
∂xk
(x)Γkpq + Γ¯
i
kh
∂ϕk
∂xp
∂ϕh
∂xq
},
where Γkpq and Γ¯
i
kh are the coefficients of horizontal covariant derivative of
Cartan connection on the coordinate systems {xi} and {x¯i} on (M,F ) and
(N, F¯ ), respectively. Contracting Aipq with g
pq leads to the following defini-
tion
(∆g,hϕ)
i := gpq{
∂2ϕi
∂xp∂xq
(x)−
∂ϕi
∂xk
(x)Γkpq + Γ¯
i
kh
∂ϕk
∂xp
∂ϕh
∂xq
}, (4.2)
where, (∆g,hϕ)
i = Aipqg
pq. The harmonic map Laplacian of ϕ with respect
to the domain metric g and the codomain metric h is defined by
∆g,hϕ = (∆g,hϕ)
i ∂
∂x¯i
,
where, (∆g,hϕ)
i is given by (4.2). In the following proposition it is shown
that the harmonic map Laplacian is invariant under the action of the diffeo-
morphism group of M .
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Proposition 4.1. Let ϕ : (M, g) −→ (N, h) be a diffeomorphism between the
two Finsler spaces (M,F ) and (N, F¯ ) with the corresponding metric tensors
g and h, respectively. If ψ is a diffeomorphism from M to itself, then
∆ψ˜∗(g),h(ϕ ◦ ψ) |x= (∆g,hϕ) |ψ(x)∈ Tx¯N,
for all x ∈M where x¯ = (ϕ ◦ ψ)(x) and ψ˜ is the canonical lift of ψ on TM .
Corollary 4.1. Let (M, g˜) and (N, h) be two n-dimensional Finsler spaces
with corresponding Finsler structures F˜ and F¯ respectively. Let N =M and
ϕ be the identity map ϕ = Id : (M, g˜) −→ (M,h), then we have
(∆g˜,hId)
k = g˜ij(−Γ˜kij + Γ¯
k
ij), (4.3)
where, Γ˜kij and Γ¯
k
ij are the coefficients of horizontal covariant derivative of
Cartan connection with respect to the g˜ and h, respectively.
Next, consider the vector field ξ(x, y) as a section of π∗TM with the
components ξk := (∆g˜,hId)
k. It can be easily verified that the components
of ξ = ∆g˜(t),hId = g˜
mn(x, y)(−Γ˜kmn + Γ¯
k
mn)
∂
∂xk
∈ Γ(π∗TM) are homogeneous
of degree zero on y, thus ξ can be considered as a vector field on SM . Using
the fact that the difference of two connections is a tensor, ξ is a globally
well-defined vector field.
5 Finslerian Ricci-DeTurck flow and exis-
tence of solution
In general Finslerian setting, a notable definition of Ricci tensor is introduced
by H. Akbar-Zadeh as follows:
Ricjk := [
1
2
F 2Ric]yjyk , (5.1)
where, Ric = Rii and R
i
k are defined by (2.5). One of the advantages of Ricci
quantity defined here is its independence to the choice of Cartan, Berwald
or Chern(Rund) connections. Based on the Ricci tensor, in analogy with the
Ricci-flow in Riemannian case, D. Bao has considered, the following natural
extension of Ricci flow in Finsler geometry, see [2],
∂
∂t
gjk = −2Ricjk, g(t=0) = g0. (5.2)
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Contracting with yjyk, via Euler’s theorem, leads to ∂
∂t
F 2 = −2F 2Ric. That
is,
∂
∂t
logF = −Ric, F(t=0) = F0, (5.3)
where F0 is the initial Finsler structure. It can be easily verified that (5.2)
and (5.3) are equivalent. In order to show that the above Ricci flow in
Finsler geometry has a solution on a short time interval, we replace the
Finslerian Ricci flow by an equivalent evolution equation which has a solution
in short time. In analogy with the Ricci-DeTurck flow in Riemannian case,
we consider the following natural extension of Ricci-DeTurck flow in Finsler
geometry.
Definition 5.1. Let (M,F ) be a compact Finsler manifold with the fixed
back-ground metric tensor h. Assume that for all t ∈ [0, T ), F˜ (t) is a one-
parameter family of Finsler structures on TM and g˜(t) is the tensor metric
related to F˜ (t). We say that g˜(t) is a solution to the Finslerian Ricci-DeTurck
flow if
∂
∂t
g˜jk(t) = −2Ricjk(g˜(t))− Lξg˜jk(t), (5.4)
where, Lξ is the Lie derivative with respect to ξ = g˜
mn(−Γ˜kmn + Γ¯
k
mn)
∂
∂xk
∈
Γ(π∗TM) which is a vector field on SM as mentioned earlier.
Contracting (5.4) by yjyk, via Euler’s theorem, we have the scalar Ricci-
DeTurck flow in Finsler spaces.
∂
∂t
F˜ 2(t) = −2F˜ 2(t)Ric(g˜(t))− LξF˜
2(t). (5.5)
By means of commutativity of y and Lξ one can easily verify that (5.5) is
equivalent to (5.4). Moreover, this definition of Ricci-DeTutck flow reduces
to the Ricci-DeTutck flow in Riemannian geometry if the Finsler structure
F˜ arises from a Riemannian metric g˜ or equivalently g˜jk is independent of
y. The following theorem shows that the above Ricci-DeTurck flow is well
defined and have a solution on a short time interval.
Theorem 5.1. Let M be a compact differentiable manifold with a fixed back-
ground Finsler structure F¯ and related Finsler metric h. Given any initial
Finsler structure F0 with metric tensor g0, there exists a real number T > 0
and a smooth one-parameter family of Finsler structures F˜ (t), t ∈ [0, T ),
with metric tensor g˜(t), such that F˜ (t) is a solution to the Finslerian Ricci-
DeTurck flow and F˜ (0) = F0.
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Proof. The Finslerian Ricci-DeTurck flow (5.5) can be written in the follow-
ing form
ypyq
∂
∂t
g˜pq(t) = −2F˜
2(t)Ric(g˜(t))− ypyqLξg˜pq(t). (5.6)
By means of Lie derivative formula along the vector field ξ, contracting with
ypyq and using Euler’s theorem we have
ypyqLξg˜pq = y
pyq(∇pξq +∇qξp). (5.7)
We rewrite the term ∇pξq +∇qξp as follows
∇pξq +∇qξp = (∇pg˜qlξ
l) + (∇qg˜plξ
l) = g˜ql(∇pξ
l) + g˜pl(∇qξ
l).
Thus (5.7) is written
ypyqLξg˜pq = y
pyqg˜mn(δpδqg˜mn − δqδng˜pm − δpδmg˜qn) (5.8)
+ypyq[g˜qlδp(g˜
mn)(Γ(h)lmn − Γ(g˜)
l
mn) + g˜plδq(g˜
mn)(Γ(h)lmn − Γ(g˜)
l
mn)
+g˜qlg˜
mnδp(Γ(h)
l
mn) + g˜plg˜
mnδq(Γ(h)
l
mn) + g˜qlΓ(g˜)
l
pwξ
w + g˜plΓ(g˜)
l
qwξ
w].
Also we have
−2F˜ 2Ric(g˜) = −2F˜ 2Rss = −2F˜
2lpRspsql
q, (5.9)
where Rspsq are the components of hh-curvature tensor of Cartan connection
and lp = y
p
F˜
are the components of Liouville vector field. Hence,
−2F˜ 2Ric(g˜) = −ypyqg˜sh(δsδpg˜hq − δsδhg˜pq − δqδpg˜hs + δqδhg˜ps)
−2ypyq(ΓshsΓ
h
pq − Γ
s
hqΓ
h
ps)− y
pyq(δsg˜
sh)(δpg˜hq + δqg˜ph − δhg˜pq)
+ypyq(δqg˜
sh)(δpg˜hs + δsg˜ph − δhg˜ps). (5.10)
Substituting (5.8) and (5.10) in (5.6), we obtain an equation which will be re-
ferred in the sequel as differential equation of scalar Finslerian Ricci-DeTurck
flow
ypyq
∂
∂t
g˜pq(t) = y
pyqg˜sh(δsδhg˜pq) (5.11)
− 2ypyq(ΓshsΓ
h
pq − Γ
s
hqΓ
h
ps)− y
pyq(δsg˜
sh)(δpg˜hq + δqg˜ph − δhg˜pq)
+ ypyq(δq g˜
sh)(δpg˜hs + δsg˜ph − δhg˜ps)
− ypyq[g˜ql(δpg˜
sh)(Γ(h)lsh − Γ(g˜)
l
sh)− g˜pl(δqg˜
sh)(Γ(h)lsh − Γ(g˜)
l
sh)
+ g˜qlg˜
shδp(Γ(h)
l
sh) + g˜plg˜
shδq(Γ(h)
l
sh) + g˜qlΓ(g˜)
l
pwξ
w + g˜plΓ(g˜)
l
qwξ
w].
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Applying twice the vector field δ
δxs
on the components of metric tensor gpq
yields
δsδhgpq =
∂2gpq
∂xs∂xh
−
∂Nkh
∂xs
∂gpq
∂yk
−Nkh
∂2gpq
∂xs∂yk
−N ls
∂2gpq
∂yl∂xh
+ N ls
∂Nkh
∂yl
gpq
∂yk
+N lsN
k
h
∂2gpq
∂yk∂yl
.
Finally we get
ypyq [
∂
∂t
g˜pq(t)− g˜
sh δ
2g˜pq
δxsδxh
− F˜ 2g˜sh
∂2g˜pq
∂ys∂yh
(5.12)
+2(ΓshsΓ
h
pq − Γ
s
hqΓ
h
ps) + (δsg˜
sh)(δpg˜hq + δqg˜ph − δhg˜pq)
−(δqg˜
sh)(δpg˜hs + δsg˜ph − δhg˜ps)
+g˜ql(δpg˜
sh)(Γ(h)lsh − Γ(g˜)
l
sh) + g˜pl(δqg˜
sh)(Γ(h)lsh − Γ(g˜)
l
sh)
−g˜qlg˜
shδp(Γ(h)
l
sh)− g˜plg˜
shδq(Γ(h)
l
sh)− g˜qlΓ(g˜)
l
pwξ
w − g˜plΓ(g˜)
l
qwξ
w] = 0.
The expression in the brackets in (5.12) is written in the following form
∂
∂t
g˜pq(t)− g˜
sh δ
2g˜pq
δxsδxh
− F˜ 2g˜sh
∂2g˜pq
∂ys∂yh
+ lower order terms = 0. (5.13)
This is a quasilinear system of strictly parabolic differential equations on
TM which is homogeneous of degree zero. By assumption M is compact
and the sphere bundle SM as well. Therefore we rewrite (5.13) on SM . By
restricting the metric tensor g˜ on p∗TM and using Lemma 3.1 we can rewrite
(5.13) in terms of the basis {eˆa, eˆn+α} on SM as follows
∂
∂t
g˜pq(t)− g˜
abeˆbeˆag˜pq − g˜
αβ eˆn+β eˆn+αg˜pq +B
ceˆcg˜pq +D
γ eˆn+γ g˜pq
+lower order terms = 0, (5.14)
Since the coefficients
GAB =
(
g˜ab 0
0 g˜αβ
)
(2n−1)×(2n−1)
,
of principal (second) order terms of (5.14) are positive definite, by definition,
it is a quasilinear strictly parabolic system on SM . By means of the standard
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existence and uniqueness theorem for parabolic systems, (5.14) has a unique
solution, namely g˜pq on SM . Recall that this solution is by definition a
member of the family of Finsler metrics defined on p∗TM and determines
a Finsler structure F˜ on TM . Therefore the Finslerian Ricci-DeTurck flow
(5.12) has a solution on TM . This completes the existence statement.
6 Short time solution to the Finslerian Ricci
flow
In this section it is shown that any solution to the Finslerian Ricci-DeTurck
flow gives rise to a solution to the Finslerian Ricci flow. Here, we recall some
well known results which will be used in the sequel.
Lemma A. [11] If {Xt : 0 ≤ t < T ≤ ∞} is a continuous time-dependent
family of vector fields on a compact manifold M , then there exists a one-
parameter family of diffeomorphisms {ϕt : M −→ M ; 0 ≤ t < T ≤ ∞}
defined on the same time interval such that
{
∂ϕt
∂t
(x) = Xt[ϕt(x)],
ϕ0(x) = x,
(6.1)
for all x ∈M and t ∈ [0, T ).
Theorem B. [?] Let M be a smooth manifold and V : J × M −→ TM
a smooth time-dependent vector field on M . Then there exists an open set
U ⊂ J× I×M and a smooth map φ : U −→M such that for each s ∈ J and
p ∈ M , the set U (s,p) = {t ∈ J : (t, s, p) ∈ U} is an open interval containing
s and the smooth curve {
γ : U (s,p) −→ M,
γ(t) = φ(t, s, p),
(6.2)
is the unique maximal solution to the initial value problem
{
γ˙(t) = V (t, γ(t)),
γ(s) = p.
(6.3)
Remark 6.1. If M is compact, then the sphere bundle SM is compact as
well. On the other hand the components of ξ = ∆g˜(t),hId = g˜
mn(x, y)(−Γ˜kmn+
14
Γ¯kmn)
∂
∂xk
∈ Γ(π∗TM) are homogeneous of degree zero on y and ξ can be
considered as a vector field on SM . According to Lemma A and Theorem B,
there exists a unique one-parameter family of diffeomorphisms {ϕ˜t : SM −→
SM}, 0 ≤ t < T , such that{
∂
∂t
ϕ˜t(z) = ξ(ϕ˜t(z), t),
ϕ0 = IdSM ,
(6.4)
where z = (x, [y]) ∈ SM .
Lemma C. [6]Let M be a differentiable manifold, F a Finsler structure and
ϕ˜t a family of diffeomorphisms on TM generated by a vector field Vˆ . Then
the pull back of F under the point transformation i.e., ϕ˜∗t (F ) is also a Finsler
structure on TM . Moreover, if RicF is the Ricci scalar related to the Finsler
structure F , then we have
ϕ˜∗t (RicF ) = Ricϕ˜∗t (F ).
Now we are in a position to prove the following proposition.
Proposition 6.1. Fix a compact Finsler manifold (M,F ) with related Finsler
metric tensor h. Let F˜ (t), for t ∈ [0, T ), be a one-parameter family of Finsler
structures on TM which satisfies the following Finslerian Ricci-DeTurck flow
∂
∂t
F˜ 2(t) = −2F˜ 2(t)Ric(F˜ (t))− LξF˜
2(t), (6.5)
where, ξ = ∆g˜(t),hId. Moreover let ϕ˜t, for t ∈ [0, T ) be a one-parameter
family of diffeomorphisms satisfying
∂
∂t
ϕ˜t(x, y) = ξ |ϕt(x)= (∆g˜(t),hId) |ϕt(x),
for all points x ∈M , y ∈ SxM and all t ∈ [0, T ). Then the Finsler structures
F (t), t ∈ [0, T ), form a solution to the Finslerian Ricci-flow (5.3), where F (t)
is defined by
F 2(t) = ϕ˜∗t (F˜
2(t)).
Proof. We are going to show ∂
∂t
(logF (t)) = −Ric. Derivation of F 2(t) =
ϕ˜∗t (F˜
2(t)) with respect to the parameter t, leads to
∂
∂t
(logF (t)) =
1
2
∂
∂t
(ϕ˜∗t (F˜
2(t)))
ϕ˜∗t (F˜
2(t))
. (6.6)
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The term ∂
∂t
(ϕ˜∗t F˜
2(t)) is
∂
∂t
(ϕ˜∗t F˜
2(t)) =
∂
∂s
(ϕ˜∗s+t(F˜
2(s+ t))) |s=0
= ϕ˜∗t (
∂
∂t
F˜ 2(t)) + L ∂
∂s
(ϕ˜−1t ◦ ϕ˜t+s)|s=0
ϕ˜∗t (F˜
2(t)). (6.7)
Hence, (6.7) is written
∂
∂t
(ϕ˜∗t F˜
2(t)) = ϕ˜∗t (
∂
∂t
F˜ 2(t)) + L(ϕ˜−1t )∗(ξ)ϕ˜
∗
t (F˜
2(t)).
Replacing the last relation in (6.6) and by assumption (6.5) we get
∂
∂t
(logF (t)) =
1
2
ϕ˜∗t (
∂
∂t
F˜ 2(t)) + L(ϕ˜−1t )∗(ξ)ϕ˜
∗
t (F˜
2(t))
ϕ˜∗t (F˜
2(t))
=
1
2
−2ϕ˜∗t (F˜
2(t))ϕ˜∗t (Ric(F˜ (t)))
ϕ˜∗t (F˜
2(t))
.
By virtue of Lemma C we have
∂
∂t
(logF (t)) = −ϕ˜∗t (Ric(F˜ (t))) = −Ricϕ˜∗t (F˜ (t)) = −RicF (t).
Therefore, the Finsler structures F (t) form a solution to the Finslerian Ricci
flow. This completes the proof.
Now we are in a position to prove our last theorem, influenced by the
proof in Riemannian case, see [9]
Theorem 6.1. Let M be a compact differentiable manifold with a fixed back-
ground Finsler structure F¯ on TM0 and related Finsler metric h. Given any
initial Finsler structure F0 with metric tensor g0, there exists a real num-
ber T > 0 and a smooth one-parameter family of Finsler structures F (t),
t ∈ [0, T ), with metric tensors g(t), such that F (t) is a solution to the Fins-
lerian Ricci flow and F (0) = F0.
Proof. It is easy to check the existence statement. In fact by means of The-
orem 5.1, there exists a solution F˜ (t) to the Finslerian Ricci-DeTurck flow
(5.5) which is defined on some time interval [0, T ) and satisfies F˜ (0) = F0.
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For each point z = (x, [y]) ∈ SM , we denote by ϕ˜t(z) the solution of the
PDE
∂
∂t
ϕ˜t(x, y) = (∆g˜(t),hId) |ϕt(x)= ξ |ϕt(x),
with the initial condition ϕ˜0(z) = z. By Proposition 6.1, the Finsler struc-
tures F 2(t) = ϕ˜∗t (F˜
2(t)), t ∈ [0, T ), form a solution to the Finslerian Ricci
flow (5.3) with F (0) = F0. This completes the proof.
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